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One-Dimensional, Steady-State Heat Conduction 
(Reorganization of the Lecture Notes from Professor Nenad Miljkovic) 

1-D, steady state, 𝑸̇′′′ = 𝟎, k=constant 
We know from heat diffusion equation that ∇2𝑇 = 0. 

(1) Slab 

 

∫
𝜕2𝑇

𝜕𝑥2
= ∫0 

∫
𝜕𝑇

𝜕𝑥
= ∫𝐶1 

T(x) = C1𝑥 + 𝐶2 
Given the boundary conditions T(x = 0) = T1, T(x = L) = T2 

T(x) =
T2 − T1

𝐿
∗ 𝑥 + 𝑇1 

So if we define a heat transfer resistance: R, A=area 

Q =
∆T

R
 

Q = −kA
∂T

∂x
 

From above we know that 
∂T

∂x
=

T2−T1

L
= −

∆𝑇

𝐿
 

Q =
kA

L
∗ ∆T =

1

R
∗ ∆T 

Thermal resistance of a solid slab: 
Rslab = 𝐿/𝑘𝐴 

 
(2) Circular cylinder 

                               
We know the heat equation in radial coordinate is: 

1

r
∗
∂ (r ∗

∂T
∂r
)

∂r
= 0 

𝑟
∂T

∂r
= 𝐶1 

T(r) = C1 ln(𝑟) + 𝐶2 
After applying the boundary conditions: 
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T − T1
T2 − T1

= ln (
𝑟

𝑟1
)/ln⁡(

𝑟2
𝑟1
) 

Similarly, cylindrical thermal resistance:  
Rcyl = |ln⁡(r2/r1)/2πkL| 

(3) Spherical system 

 
Spherical heat diffusion equation:  

1

r2
∗
𝜕 (𝑟2 ∗

𝜕𝑇
∂r
)

∂r
= 0 

Spherical temperature profile: 
T − T2
T1 − T2

= (
1

r
−

1

r2
)/(

1

r1
−

1

r2
) 

Spherical thermal resistance: 

Rsph =
|
1
r1
−

1
r2
|

4πk
 

 
Composite problems 

(1) Composite wall 

 

Q =
A(Tf,i − 𝑇𝑓,𝑜)

1
ℎ𝑖
+

1
ℎ𝑜

+ ∑
𝐿𝑖
𝑘𝑖

𝑛
𝑖=1

 

Li=thickness of the i-th wall 
ki=thermal conductivity of the i-th wall 
hi=inner wall heat transfer coefficient 
ho=outer wall heat transfer coefficient 
 
(2) Composite cylinder 
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Q =
2πl(Tf,i − 𝑇𝑓,𝑜)

1
ℎ𝑖𝑟𝑖

+
1

ℎ𝑜𝑟𝑛+1
+ ∑

ln (
𝑟𝑖+1
𝑟𝑖

)

𝑘𝑖
𝑛
𝑗=1

 

 
Heat generation (slab)  

 
Steady state, 1-D, constant properties, uniform 𝑄̇′′′. 

∂ (k ∗
∂T
∂x
)

∂x
+ 𝑄̇′′′ =

ρCp𝜕𝑇

𝜕𝑡
= 0 

∂2𝑇

∂x2
+
𝑄̇′′′

𝑘
= 0 

Boundary conditions: 
T(x = L) = Tw 
∂T

∂x
|𝑥=0 = 0 

T(x) = Tw +
𝑄̇′′′𝐿2

2𝑘
(1 − (

𝑥

𝐿
)
2

) 

Tmax = Tw +
𝑄̇′′′𝐿2

2𝑘
 at x=0. 

qout
′′ = 𝑄̇′′′𝐿 

In general, for heat generation we have the following formulation: 

−
k

rn

𝜕 (𝑟𝑛 ∗
𝜕𝑇
𝜕𝑟

⁡)

𝜕𝑟
= 𝑄̇′′′ 

Where n=0 for slab, n=1 for cylinder, n=2 for sphere. 

This only works if 𝑄̇′′′ = constant 
Our generalized result is: 
Temperature profile: 

T(r) = Ta +
𝑄̇′′′𝑎2

2(𝑛 + 1)𝑘
(1 −

𝑟2

𝑎2
) 
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Heat flux: 

q′′ =
𝑄̇′′′𝑟

𝑛 + 1
 

Maximum temperature where Ta is the boundary temperature on the outside: 

Tmax = 𝑇(𝑟 = 0) = Ta +
𝑄̇′′′𝑎2

2(𝑛 + 1)𝑘
 

 
Conduction for general shapes  

No convection, steady state, 𝑄̇′′′ = 0, k=consant, 1-D 
Define an orthogonal coordinate system: 
u1, 𝑢2, 𝑢3 (directions) s1, 𝑠2, 𝑠3 (lengths) ds1 = ℎ1𝑑𝑢1, ds2 = ℎ2𝑑𝑢2, ds3 = ℎ3𝑑𝑢3 

q′′ = −k ∗
∂T

∂s1
 

Q = Aq′′ = −kA(u1)
∂T

∂s1
 

Rearranging and integrating (assuming ds1 = du1) 

Q

k
∗ ∫

𝑑𝑢1
𝐴(𝑢1)

= −∫ 𝑑𝑇 = 𝑇𝑎 − 𝑇𝑏 = ∆𝑇
𝑇𝑏

𝑇𝑎

(𝑢1)𝑏

(𝑢1)𝑎

 

Q = ∆T/(
1

k
∗ ∫

𝑑𝑢1
𝐴(𝑢1)

) = ∆𝑇/𝑅 

R =
1

k
∗ ∫

𝑑𝑢1
𝐴(𝑢1)

) 

Double check our previous solutions: 
(1) Slab: u1 = 𝑥, 𝑑𝑢1 = 𝑑𝑥, 𝐴(𝑢1) = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

Rslab =
1

𝑘𝐴
∫𝑑𝑢1 =

1

𝑘𝐴
∫𝑑𝑥 = 𝐿/𝑘𝐴 

(2) Cylinder: u1 = 𝑟, du1 = 𝑑𝑟, A(u1) = 𝐴(𝑟) = 2𝜋𝑟𝑙 

Rcyl =
1

k
∗ ∫

𝑑𝑟

2𝜋𝑟𝑙
=
ln (

𝑟2
𝑟1
)

2𝜋𝑘𝑙

𝑟2

𝑟1

 

(3) Sphere: u1 = 𝑟, 𝑑𝑢1 = 𝑑𝑟, 𝐴(𝑢1) = 𝐴(𝑟) = 4𝜋𝑟2 

Rsph =
1

𝑘
∗ ∫

𝑑𝑟

4𝜋𝑟2
=

1

4𝜋𝑘
∗

𝑟2

𝑟1

∫
𝑑𝑟

𝑟2
=

1

4𝜋𝑘
(1\𝑟1 − 1\𝑟2)

𝑟2

𝑟1

 

 
Composite wall problems 

 
There are two ways to analyze this problem. They give different answers. 

(1) Parallel approach 
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Add adiabatic surface to divide R1 and R4 into two. 

RLower =
𝐿1

𝑘1𝐴2
+

𝐿2
𝑘2𝐴2

+
𝐿4

𝑘4𝐴2
 

RUpper =
𝐿1

𝑘1𝐴3
+

𝐿2
𝑘3𝐴3

+
𝐿4

𝑘4𝐴3
 

1

Rp
=

1

RLower
+

1

RUpper
 

1

Rp
= (

A2
L1
k1

+
L2
k2

+
L4
k4

+
A3

L1
k1

+
L3
k3

+
L4
k4

) 

Qp =
∆T

Rp
== (

A2
L1
k1

+
L2
k2

+
L4
k4

+
A3

L1
k1

+
L3
k3

+
L4
k4

)∆T 

 
 
(2) Series approach 

 

Rs =
L1

k1𝐴1
+ (

𝑘2𝐴2
𝐿2

+
𝑘3𝐴3
𝐿2

)
−1

+
𝐿4
𝑘4𝐴1

 

Qs =
∆T

Rs
= (

L1
k1𝐴1

+ (
𝑘2𝐴2
𝐿2

+
𝑘3𝐴3
𝐿2

)
−1

+
𝐿4
𝑘4𝐴1

)

−1

∆𝑇 

It is always true that Qp ≤ Qreal ≤ 𝑄𝑠 

 
While by adding infinite conductance between R1 and R2, R3, the temperature at the boundary 
becomes the same. 
In general: 
1. Adding adiabatic surface: R goes up, Q goes down; 
2. Allowing infinite conductance: R goes down, Q goes up. 


